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Abstract 

In four-dimensional theories with massless particles, the one-loop amplitudes can be 
expressed in terms of a basis of scalar integrals and rational terms. Since the scalar 
bubble integrals are the only UV divergent integrals, the sum of the bubble coefficients 
captures the 1-loop UV behavior. In particular, in a renormalizable theory the sum of 
the bubble coefficients equals the tree-level amplitude times a proportionality constant 
that is related to the one- loop beta function coefficient /3q. In this paper, we study 
how this proportionality is achieved from the viewpoint of on-shell amplitudes. For n- 
point MHV amplitude in (super) Yang-Mills theory, we demonstrate the existence of a 
hidden structure in each individual bubble coefficient which directly leads to systematic 
cancellations within the sum of them. The origin of this structure can be attributed to 
the collinear poles within a two-particle cut. Due to the cancellation, the one-loop beta 
function coefficient can be identified as a sum over the residues of unique collinear poles 
in particular two-particle cuts. Using CSW recursion relations, we verify the generality 
of this statement by reproducing the correct proportionality factor from such cuts for 
n-point split-helicity N fe MHV amplitudes. 
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1 Introduction and summary of results 



In four spacetime dimensions, integral reduction techniques [H [21 [3] allow one to express one- 
loop gauge theory amplitudes in terms of rational functions and a basis of scalar integrals 
that includes boxes I4 , triangles I3 and bubbles I2 [21 IU [5] : 

41-loop = C\I\ + C i4 + C 2^2 + rationals . (1.1) 

i j k 

Here the index i {j or k) labels the distinct integrals categorized by the set of momenta 
flowing into each corner of the box (triangle, or bubble). In this basis, the scalar bubble 
integrals, are the only ultraviolet divergent integrals in four dimensions. Moreover, the 
UV divergences of the bubble integrals take the universal form: 

n = ~^om (1.2) 

for all i. Thus the sum of bubble coefficients contains information on the ultraviolet behavior 
of the theory at one- loop. 

In field theory, renormalizability requires that the ultraviolet divergences of the theory at 
one-loop can be removed by inserting a finite number of counterterms to the corresponding 
tree diagrams for the same process. We can also understand this renormalizability from the 
amplitude point of view. In terms of amplitudes, renormalizability implies that the ultra- 
violet divergence at one-loop must be proportional to the tree-amplitude. As we will see in 
detail below, this proportionality between tree amplitudes and the bubble coefficients, which 
encapsulate UV behavior of the theory, in renormalizable theories is cleanly illustrated in 
pure-scalar QFTs. In c/j 4 theory, the bubble coefficient of the 4-point one-loop amplitude 
evaluates to the 4-point tree amplitude XjX ~ X ■ However, in (j) 5 theory, the bubble coeffi- 
cient of the simplest 1-loop amplitude evaluates to a 6-point amplitude "XtX -- "^ ■ Similarly, 
this new 6-point amplitude will generate higher-point amplitudes at higher loops, which is 
the trademark of a non-renormalizable theory. This observation connects renormalizability 
with the 1-loop bubble coefficient: in a renormalizable theory, the sum of bubble coefficients 
is proportional to the tree amplitude 

C2 = Y, C 2 (xAtTee ■ ( L3 ) 

i 

where the sum i runs over all distinct bubble cuts, and we use the calligraphic C2 to denote 
the sum of the bubble coefficients. This proportionality relation takes a very simple form in 
(super) Yang-Mills theory with all external lines being gluons [SI El [8] (see [9] for detailed 
discussion) 

C 2 = -/3 < ree , A) = - (jn v - \n f - \n)j . (1.4) 

where (3q is the coefficient of the one-loop beta function and n v ,nf,n s are numbers of gauge 
bosons, fermions and scalars respectively. From the amplitude point of view, eq. (jl.4p appears 
to be a miraculous result as each individual bubble coefficient is now a complicated rational 
function of Lorentz invariants. For example, it is shown in [101 E] that for the helicity 
amplitude Ai(l + 2~3 + 4~) in TV-fold super Yang-Mills theory, the bubble coefficients of the 
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two cuts are: 





(23,41) 



(12,34) 



(AT - 4) 



(AT - 4) 



(12) (34) 

(13) (24) 

(14) (23) 
(13) (24) 



< ee (l+2-3+4-) , and 



4 rcc (l + 2~3 + 4-) . 



However the sum of these two bubble coefficients is exactly proportional to the tree amplitude: 



Q 2d ' 4ij + Gp d4j = -(AT - 4)^ rcc (l+2-3+4-) = -/3 ^ rcc (l +2 "3 + 4-) by the Schouten 



identity. For an arbitrary n-point amplitude, eq. (|1.4|) implies cancellation among a large 
number of these rational functions, in the end yielding a simple constant multiplying A^ ce . 
The fact that the proportionality in eq. (|1.4|) holds for any renormalizable theory, hints at 
possible hidden structures in the sum of the bubble coefficients. Note that for gauge theories 
with non-adjoint matter fields, the individual bubble coefficients will also depend on higher 
order Casimir invariants [10]. Renormalizability then requires all the higher order invariants 
to cancel in the sum, leaving behind only the quadratic Casimir trji(T a T b ). In this paper, 
we seek to partially expose hidden structure of the bubble coefficients that leads to the 
proportionality to the tree amplitude. 

Following [111 [8] , we extract the bubble coefficient by identifying it as the contribution 
from the pole at infinity in the complex z-plane of a BCFW-deformation [12] of the two 
internal momenta in the two-particle cut, where the complex deformation is introduced on 
the internal momenta. We begin with scalar theories as a warm up. Here the contributions to 
bubble coefficients are tractable using Feynman diagrams in the two-particle cut. For scalar 
4> n theories, we demonstrate that the bubble coefficient only receives contributions from one- 
loop diagrams that have exactly two loop-propagators. For each diagram, the contribution is 
proportional to a tree diagram with a new 2(n— 2)-point interaction vertex. Renormalizability 
requires n = 2(n — 2), so this implies the familiar result, n = 4. 

Feynman diagrams become intractable in gauge theories and it is simpler to use helicity 
amplitudes in the cut. In (super) Yang-Mills theory, we study general MHV n-point ampli- 
tudes and find that for each 2-particle cut, the bubble coefficient can be separated into four 
separate terms. Each term stems from the four distinct singularities which appear as the 
loop momenta become collinear to one of the adjacent external legs, indicated in Fig. [1] (a). 
We show that these singularities localize the Lorentz invariant phase space (ciLIPS-) integral 
to residues at four separate poles. Once given in this form, we find: 

• For each collinear residue in a generic cut, there is a residue in the adjacent cut that 
has the same form but with opposite sign. When we sum over all channels, residues 
stemming from common collinear poles (CCP) in adjacent channels cancel pair-wise, as 
indicated in Fig. [TJ The sum therefore telescopes to four unique poles that come from 
four distinct "terminal cuts". Here we define a terminal cut as the two particle cut 
which contains at least one 4-point tree amplitude on one side of the cut. The poles in 
interest correspond to the point in the phase-space where the two on-shell loop momenta 
become collinear with the two external scattering states in the 4-point sub-amplitude. 
We will refer to these poles as "terminal poles" . 

• Focusing on the terminal poles we find that their contributions to the bubble coeffi- 
cients are non-trivial only if the helicity configuration of the particles crossing the cut is 
"preserved", i.e. the loop helicity configuration is the same as the external lines on the 
4-point tree amplitude as shown in Fig. [2j Thus the beta function of (super) Yang- Mills 
theory is given by the residues of the helicity conserving terminal poles. 
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(d) (e) 

Figure 1: A schematic representation of the cancellation of common collinear poles (CCP). 
The bubble coefficient of the cut in figure (a), receives contributions from the four collinear 
poles indicated by colored arrows. Each collinear pole is also present in the corresponding 
adjacent cut indicated in figures (b), (c), (d), and (e) respectively. In the sum of bubble 
coefficients such contributions cancel in pairs. 
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Figure 2: The terminal channels that gives non-trivial contribution to the sum of bubble 
coefficients. Note the helicity configurations of the loop legs of the ra-point tree amplitude is 
identical with the two external legs on the 4-point tree amplitude in the cut. 



For MHV amplitudes, we show that for a two non-vanishing terminal poles whose residues 
are identical and equal to 11/ 6 A^ ree . Summing the two then gives the desired result, C2 = 
ll/3^4^ ree for the pure Yang-Mills theory, in agreement with eq. (jl.4p . The relation (jl.4p is 
also derived in the super Yang-Mills theory where C2 = —(M — 4)«4^ ree for TV = 1,2. 

For general N*MHV split-helicity amplitudes in pure Yang-Mills theory, we also show that 
the residue of each helicity conserving terminal pole give 11/6 A^ cc ■ We demonstrate this 
by using the CSW [13] representation for the N fc MHV tree amplitudes appearing in the two- 
particle cut. The fact that these terminal cuts give the correct proportionality factor indicates 
that these are indeed the only non-trivial contributions to the sum of bubble coefficients. This 
also hints at systematic cancellation in the sum of bubble coefficients should be a property 
of Yang-Mills amplitude for general helicity configuration. We give supporting evidence by 
using the collinear splitting function to show that the residues of CCP in a two particle cut 
for generic gauge theories are indeed identical with opposite signs. 

Our paper is organized as follows. In section (2J we compute the bubble coefficients for 
theories of self-interacting scalar fields, and rederive the well-known renormalizability condi- 
tions. We proceed to analyze (super) Yang-Mills theories with emphasis on the cancellation 
of common collinear poles (CCP) in section O We will use super Yang-Mills MHV ampli- 
tudes as the simplest demonstration of such cancellation. Similar results occur for MHV 
amplitudes in Yang-Mills as well. In section U we give an argument for the cancelation of 
CCP for generic external helicity configurations by showing, using splitting functions of the 
tree amplitude in the cut, that the residue of collinear poles of the entire cut is indeed shared 
with an adjacent channel. We present further evidence in section [5] by explicitly proving that 
the forward limit poles for split-helicity N fc MHV amplitudes indeed give the complete RHS 
of eq. (jl.4p . implying complete cancellation of all other contributions. 

2 Bubble coefficients in scalar field theories 

As a toy model, we consider scalar theories with single interaction vertex a^cj) k in this section. 
It was shown in [8], following previous work in [11], that the bubble coefficient for a given 
two-particle cut can be calculated as: 

c? j) = (^/^ips |;i ,y/ c f §m (2.1) 
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where (i, j) indicates the momentum channel P = Pi+i + • • • +Pj of the cut as shown in Fig. [TJ 



A^dh), |f 2 ])i^ ee (|fi), \l 2 \), anddLIPS= d 4 kd%5M{ll) 5^(l1) 5 4 (h+l 2 -P). Here 



5, 

A^ft in (|2.ip are the amplitudes on either side of the cut; hats in (I2.ip indicate a BCFW 
shift [12] of the two cut loop momenta: 

li(z)=h + qz, l 2 (z) = l 2 - qz , with q-q = q-l 1= q-l 2 = 0. (2.2) 

We integrate the shift parameter z along a contour C that goes around infinity, which evaluates 
to the residue at the z = oo pole of the integrand0 

In a scalar theory, the only z dependence in BCFW-shifted tree-amplitudes comes from 
propagators which depend on one of the two loop momenta. Under BCFW-deformations, 
propagators of this type scales as ~ 1/z for large-z. Diagrams containing such propagators 
die-off as 1/z or faster. The only non- vanishing contribution to the bubble coefficient comes 
from diagrams with the two shifted lines on the same vertex p3] ■ In this case there is neither 
z-dependence nor dependence on l±, or l 2 in the double-cut and (12. ID evaluates to 



a 



(i,j) 



J dLIPS Ai ree yl£ ee = Af"A 



tree 
R 



(2.3) 



where A*™^ are the unshifted amplitudes on either side of the cut as in Fig. UJ and we have 
used ^ / dLIPS(l) = -1 (Appendix El). The bubble coefficient (L3]) is a sum over all cuts. 

Before the general n-point analysis, we first consider explicit examples at 4- and 6-points. 
For simplicity, we consider these examples with color- ordered amplitudes, where the 
scalars transform under the adjoint representation of some gauge group. We will switch 
to the non- color- ordered amplitudes later for the general analysis. 

At 4-point, the tree amplitude is A^ ee = 0:4. There are two cuts of the 1-loop 4-point 



amplitudes, namely the s and t channels. Then fj2.3j) gives 



C-> 



< ee (l, 2, h,l 2 ) x < ee H~ 2 , -l u 3, 4) + < ee (4, 1, hM) x < ec (-/ 2 , -h, 2, 3) 



2 2 
a 4 + a 4 



2a^A 



tree 



(2.4) 



At 6-point, the tree amplitudes is A^ ee = + + ■g^- There are six cuts with two 
shifted lines sitting on one vertex, whose bubble coefficients are listed in the following table 



Channel 


S123 


j4_ 

S234 


j4_ 

S345 


j4_ 

•S456 


•S561 




(12|3456) 






1 


1 






(23|4561) 








1 


1 




(34|5612) 










1 


1 


(45|6123) 


1 










1 


(56|1234) 


1 


1 










(61|2345) 




1 


1 








c 2 


2 


2 


2 


2 


2 


2 



From this table, we see 



C 2 = 2ai 



1 



+ 



1 



+ 



1 



+ 



1 



+ 



1 



+ 



1 



5*123 5234 l "' 345 *-' 456 ^ 561 ^ 612 



4a 4 4 rce 



(2.5) 



1 The BCFW shifts of the two-particle cut allows one to explore all possible on-shell realizations of a 
double-cut for a given set of kinematics. The presence of finite-z poles indicates the existence of additional 
propagators, which are the contributions of box or triangle integrals to the double-cut. The contribution from 
the bubble integrals then correspond to poles at z = 00, hence the choice of contour. 



Figure 3: For any given tree-diagram in the 4> 4 theory, each vertex can be blown up into 
4-point one-loop subdiagrams in three distinct ways, while preserving the tree graph prop- 
agators. Each case contributes a factor of «4 times the original tree diagram to the bubble 
coefficient. In this figure we show the example of 6-point amplitude. 



For non- color- ordered amplitudes, 

C 2 = -a 4 (n - 2)AT = ^-^o^T , A) = 3a 4 • (2.6) 

The above result can also be understood by simply noting the fact that the contribution 
to the bubble coefficient of each one-loop diagram, is in fact proportional to a tree diagram. 
More precisely: 

• From (|2.3p , the bubble coefficient for each cut equals the product of the two cut ampli- 
tudes. This value coincides with the tree diagram obtained by replacing the loop with 
a 4-point contact vertex multiplied by a factor of 04. 

• Reverse the above statement. Each 1-loop diagram with a non-zero bubble coefficient 
can be obtained by taking a tree diagram and "blowing up" one of the interaction 
vertices into a one- loop sub-diagram. Taking all distinct tree diagrams and "blowing 
up" one vertex at a time, produces all relevant one-loop diagrams. 

• There are three different ways of "blowing up" each distinct interaction vertex, as indi- 
cated in Fig[3j Essentially these are the s,t,u channels for a given one-loop four-point 
amplitude. Each of these one-loop diagrams gives an identical contribution to the overall 
bubble coefficient. 

In 4 -theory, each n-point tree-diagram has (n — 2) /2 vertices, hence there are 3(n — 2) /2 
one-loop diagrams that contribute to the bubble coefficients. This gives 3 x (n — 2)/2 copies 
of the original tree diagram. This proves (|2,6p . 

Further, we can re-derive the standard renormalizability criterion for 4-dimensional scalar 
field theories. The result (12. 3p is true for any a.k4> k interaction. It suggests that we can think 
of the bubble coefficient as shrinking the loop to generate a new 2(k — 2) vertex, which is 
illustrated in Fig.El Thus we see that the sum of bubble coefficients for the n-point amplitude 
is a sum of n-point tree-diagrams that are constructed from the original fc-point contact 
vertex as well as one 2(k — 2)-vertex. As discussed in the introduction, the renormalizability 
requires that the bubble coefficient is proportional to the tree amplitude. Since the tree-level 
amplitudes are built from fc-point vertices only, the proportionality between bubble coefficient 
and tree amplitude (jl.3p requires 

2(fc-2) = Jfe -> k = 4. (2.7) 

This reproduces the known result of renormalizability from the power-counting arguments of 
local perturbative QFT in four dimensions. 
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Figure 4: For pure <p k theory, the only one-loop diagrams that gives non-trivial contribution 
to the bubble integrals are those with only two loop propagator. The contribution to the 
bubble coefficient is simply the product of the tree diagrams on both side of the cut, connected 
by a new 2{k — 2) vertex. 



Above we studied scalar theories with just a single real scalar field. It is useful to now 
consider a model with two real scalars <pi and cp2 an d an interaction (p 2 ^- The sum of 
bubble coefficients for the 4-point amplitude A^^i, (pi, (pi, (pi) will be proportional to tree 
amplitudes with a single ^-vertex. Similarly for fo- So even if <pf and (p\ were not part of 
the original theory, they were generated at loop- level. Since A^ ee ((pi,cj)i,(pi,(f)i) vanishes in 
the original theory, one might now object to the statement that for renormalizable theories 
(such as this one, of course) the sum of bubble coefficients C2 is proportional to the tree 
amplitude. However, the point here is whether the "new" interactions give rise to an infinite 
tower of other new interactions or not. The former would not be a renormalizable theory. 
An infinite tower would be generated in the case of 5 while for our example here, <p\ and <p\ 
do not generate any new interactions. So when we say that in a renormalizable theory, the 
sum of bubble coefficients C2 is proportional to the tree amplitude, then we regard the tree 
level theory as the renormalizable theory with generic couplings. In that case, the two-scalar 
theory does include cpf and <p\ and we simply learn from the bubble coefficients that these 
couplings are renormalized. 

We can do a similar analysis to the Yukawa theory with complex scalars. For pure scalar 
amplitudes, Feynman diagrams are tractable and eq. (jl.3p renormalizes the coupling constant 
of the (p 2 (j)* 2 interaction in the action. For amplitudes with external fermions, complications 
arise due to the z-dependence of external line factors of the fermions and we use helicity 
amplitudes. As an example we show that eq. (jl.3h does not generate the non-renormalizable 
tp 2 ip 2 or ip 4 interaction terms, as expected. We show the detailed analysis in Appendix [Cj 

3 Bubble coefficients for MHV (super) Yang-Mills amplitude 

When we consider the (super) Yang-Mills theory, the proportionality between the sum of 
bubble coefficients and the tree amplitude becomes extremely non-trivial. Here, individual 
bubble coefficients are generically complicated rational functions of spinor inner products as 
illustrated for the ^2^*3^4) case in the introduction. In general, only after summing all 
the bubble coefficients and repeated use of Schouten identities, will the result reduce to a 
simple constant times A^ ec . Thus from the amplitude point of view, this proportionality is 
a rather miraculous result. 

In this section we show that the cancellation is in fact systematic. To see this, we show 
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Figure 5: An illustration of the cancellation between adjacent channels. The contribution 
to the bubble coefficient coming from the dLIPS integral evaluated around the collinear pole 
(lii) — > 0, indicated by the (red) arrows, of the two diagrams cancels as indicated in eq. (|3.18p . 




Figure 6: The "terminal" pole that contributes to the bubble coefficient. Such poles appear 
in the two particle cuts that have two legs on one side of the cut and one of the legs has to 
be a minus helicity. Note that, at this point in phase-space, l\ = — p n -i and I2 = —p n - 



that for MHV amplitudes, the dLIPS integration will be localized by the collinear poles of 
the tree amplitude on both sides of the two-particle cut. For a generic cut, there are four 
distinct collinear poles involving the loop legs, each of which is also present in an adjacent 
cut, as illustrated in Fig. [5l It can be shown that the residues of these two adjacent cuts 
on their common collinear pole, (A, i) — > 0, are exactly equal and with opposite sign. By 
separating the bubble coefficient into four different terms, corresponding to contributions 
from four different poles, the cancellation between common collinear poles (CCP) in the sum 
of bubble coefficients is manifest. 

Cancellation stops at "terminal cuts" where a 4-point tree and an n-point tree appear on 
opposites sides of the cut. The uncancelled terms in these terminal cuts correspond to the 
residues of collinear poles where the two loop-momenta become collinear with the external 
momenta of the two external legs on the 4-point amplitude, as illustrated in Fig. [6l Explicitly, 
for adjoint fields (vectors, fermions and scalars), we see the sum of these "terminal poles" is 

- /3o< roc U + ■ • • a" . . . , b~ . . . n+) = ( —n v - -n f - -n s ) ; (3.1) 

^ UnV ' ' ' V 3 3 6 J (l,2)...(i J i + l)...(n,l) V J 

for MHV amplitudes with n — 2 positive-helicity gluons and negative-helicity gluons a and 
b [15]. In the following, we will demonstrate this for n-point MHV amplitudes in M = 1,2 
super Yang-Mills theory. This systematic cancellation is also present for pure Yang-Mills 
MHV amplitudes (explicitly shown in appendix |D|) . 

Before going further, we pause to note an important distinguishing feature between the 
bubble coefficients in scalar QFT and in (S)YM. Specifically, the proportionality constant in 
(super) Yang-Mills is independent of the number of external legs: it is just -/3q, the coefficient 
of the one-loop beta function. To see this note that for (super)Yang-Mills theory, there are 
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diagrams with one-loop bubbles in the external legs. These massless bubbles do not appear 
in eq. (jl.ip . as they are set to zero in dimensions regularization, reflecting the cancellation 
between collinear IR and UV divergences. However, when one is only considering the pure 
UV divergence of the amplitude, one must take into the account the existence of the UV 
divergences in the external bubble diagrams, which are simply the same as that of the infrared 
divergences in the external bubbles, but with a relative minus sign. Thus we have 

A n |uV-div. = ( E Cbubblc ^bubble) uv + UV cxt . bubbles 

= ( ^2 Cbubblc -^bubble) uv ~~ IR-ext. bubbles • (3.2) 

For n-gluon 1-loop amplitudes, the collinear IR divergences take the form [6] 



A i-ioop _ 9 

m - ^Vcollinear _ (47r) 2 e 2 

At leading order in e — > 0, the UV divergence is [6] 

UV: <5? = + (^) PoAT ■ (3.4) 

Thus the bubble coefficients (total UV divergence) in purely gluonic one-loop amplitudes are 

E(~ii _ ^l-loop , ,1-loop _ a 4 tree _ ]± /.tree (o k\ 

°2 — A n,UV + ^n.collinear — P0 A n ~ g A n ■ 



At one loop, (ft 4 scalar field theory lacks these collinear divergences on external legs, and 

T 



no UV/IR mixing occurs, hence pure scalar bubble coefficients scale with ^V^, the number 



of interaction vertices. 



3.1 Extracting bubble coefficients in (J\f = 0, 1,2 super) Yang-Mills 

The bubble coefficient for a given two-particle cut of a one-loop (S)YM amplitude is computed 
in essentially the same way as for scalar field theory. However, as emphasized in the intro- 
duction, unlike the case for scalar QFT extracting this through Feynman diagrams is rather 
intractable. Roughly in YM this is because BCFW shifts of the two internal on-shell gluon 
lines in the double-cut introduces z-dependence in local interaction vertices and polarization 
vectors. These difficulties are only amplified in (N 7^ 0) SYM. 

It is more efficient to directly express the LH- and RH- amplitudes as entire on-shell 
objects through use of the spinor-helicity formalism. Here the <iLIPS integration over allowed 
on-shell momenta is conveniently converted into an integration over spinor variables which 
automatically solve the delta functions, 

/ dH 1 d%5^(ll)5^(ll)5\l 1+ l 2 -P)g(\h),\l 2 ))= I P 2 ^^^ 9(\X),P\~X]), 
J J\=x {\\P\X\ Z 

(3.6) 

where we have identified = |A), I/2) = P\X], and JV_t indicates we are integrating over 
the real contour (real momenta). The Sn in (|2-ip takes the form 

%fr i) =$£§= E AT%\h),\i2])AT(\h),h]), (3.7) 

state sum 
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Figure 7: A two-particle cut for a generic n-point amplitude. 



in the Yang-Mills theory. Note that to fully integrate out the bubble coefficients' dependence 
on the internal lines, we sum over all possible states in the loop. 

Further, extraction of simple bubble coefficients is aided by on- shell SUSY@ Here ampli- 
tudes and state sums are promoted to superamplitudes and Grassmann integrals 



c(*»j) 



N = 1,2. 



(3.8) 



where a labels the different pairs of multiplets that the loop legs, l\ and I2, belong to. 
Following [9\, on-shell states are encoded into two separate on-shell superfields, $ and \E', 
that contain states in the 'positive' and 'negative-helicity' sectors. In this language, {a} = 
{($, $), ($, <£), (\P, The a is the conjugate configuration of a. 

Crucially, to preserve SUSY the bosonic BCFW shift (|2.2h must be combined with a 
fermionic shift of the Grassmann variables rf [161 [8] 



\h(z)) 

m 2 a 



\h) + z\h), 

%a + ZVha, 



\h{z)] - 
a = 1, 



\h] ~ z\h] , 
. . ,7V. 



(3.9a) 
(3.9b) 



Note the bosonic shift (|3.9ap is identical to the shift (|2,2p . when cast in terms of the spinor- 
helicity variables; it is referred to as an [I2, Zi)-shift. 

Combined super-shifts (|3.9p . of any tree amplitude of the M = 4 SYM fall-off as 1/z 
for large-z. In (S)YM theory with M = 0,1,2 supersymmetry, it was shown [9] that the 
super-BCFW shifts $), <3?) and \I>) fall off as 1/z at large z while the [3>, *) super- 
shift grows as z s ~^ for large-z. For M = pure Yang-Mills, this reduces to the familiar 
observation that for shifts [— , — ), [— , +), and [+, +) the amplitudes fall off as 1/z, while the 
[+, -) shifts grow as z 3 [T2l[T7] . 

Carrying out the z integral gives 



a 



"2^ I 



n,Af 



O(l) as z— >oo 



M = 0,1,2, 



(3.10) 



where 



S 



is the residue of S^'fy at the z 



00 pole. 



O(l) as z— >oo 

Double-cuts with internal states a G {(<!>, <]?), (^S>, ^)}, shown in cut (a) of Fig. [HJ scale as 



S 



[Cut (a)] 



1 1 

— X - 

z z 



1 



as z 



00 . 



(3.11) 



2 The calculations for the simplest bubble coefficients are simpler in Af = 1,2 SYM than in YM. To see 
this, compare non-adjacent MHV bubble computations in SYM ( subsection 13. 2p and in YM (appendix [DJ. 
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(a) Cuts with (b) Cuts with 

G {(<£,<£>),(*,*)} o G {($,*),(*,$)} 

die-off, and have no pole, as have a pole at z — > oo 

z^oo. (TV = 0,1,2). 



Figure 8: Illustration of two internal helicity configurations of the cut loop momenta. 



Cuts of this type do not contribute to the bubble coefficient. On the other hand, cuts with 
internal states a € {($, <3?)}, such as cut (6) in Fig. [8j always involve a shift that acts 

as [*S>, <I>) on one sub-amplitude and as [<£, on the other. This gives 

sffiW ~ -x^ ~ z 2 ~ M as z^oo. (3.12) 

Note that A3. 12f) indicates that there can be non-vanishing 0(l)-terms and hence contributions 
to the sum of the bubble coefficients in TV = 0, 1, 2 SYM but not in the M = 4 SYM theory. 
This is consistent with the known non- vanishing 1-loop /3- functions in TV = 0, 1, 2 SYM 
theories as well as the UV-finiteness of TV = 4 SYM. 

We can also investigate the contribution to the bubble coefficients from particular states 
crossing the two-particle cut. These contributions can be projected out by acting with ap- 
propriate Grassmann integrations/derivatives on the above superamplitudes. By analyzing 
the large- z behavior of the integration measure, as shown in [9], we get the large- z behavior 
of the bubble coefficient of certain internal states. The implication for QCD with one flavor 
of fermions can simply be deduced from TV = 1 super Yang-Mills, where there are no scalars 
in the multiplet. For example, a simple computation shows that a double-cut of an internal 
negative-helicity gluino and an internal negative helicity gluon exiting (entering) one of the 
two tree-amplitudes does not contribute to the bubble coefficients in TV = 1 SYM theory. 
Then following [18] . this result is also true in QCD with one flavor of fermions. Note that 
the difference between fundamental and adjoint fermions is irrelevant for this analysis since 
we are interested in color-ordered amplitudes and the large-z behavior of the cut holds for 
individual internal helicity configurations and not the sum. 

3.2 MHV bubble coefficients in TV = 1,2 super Yang-Mills theory 

It was shown in ref. [9], that for the MHV amplitudes in TV = 1, 2 super Yang-Mills theory, 



the O(z ) part of the BCFW-shifted two-particle cut sf'^X ^ is given by: 



°{a,b},M 



ltree (M + i)0',i + i) (a,\) 2 (b,xy 



o(z0) (M 4)Ar ' M)' 2 <j,A)(j + i,A)(z,'A)<* + l,A)' (3 - 13) 



where {a, b} indicates the positions of the two sets of external negative-helicity states (within 
the ^ multiplets). We have set I/2) = |A). Since <5r^ J 6 i yy is purely holomorphic in A, we can 
straightforwardly use eq. (|A.2p to rewrite the dLIPS integral (13. 6p as a total derivative, and 
the bubble coefficient is given as: 
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1 u 




<D(j + l) 



Figure 9: The two-particle cut that gives <Sj a ' 



{a,fe},A/" 



2 {a,b} 



-1 

2tH 



(A, dX)[X, dX] wjj) 



<A|P i+1J |A] 2 



1 / ~ 9 

— f {\,d\)dX (k -~- 
2m .l\=x d\a 



{a,b},N 



(A|P i+lj -|A](A,a) 



\a,b},Af 



O(z ) 



(3.14) 



where |a) is a reference spinor. In this section, for convenience, we label the bubble coefficients 
C^2{o6} m ^ ne same wa y as the two-particle cut <5^ a ' & ^ ^. There are two kinds of poles 
inside the total derivative, the four collinear poles of SffL ^ in eq. (|3.13p and the spurious 

pole l/(A,a). The spurious pole can be simply removed by the (a, A) 2 (6, A) 2 factor in the 
numerator of eq. ()3. 13j) if we choose the auxiliary spinor |a) to be \a) or \b). Thus with this 
choice of reference spinor, the contributions to the bubble coefficient come solely from the 
collinear poles in S^fb} j^\o(z )- 

s, each correspond- 



From eq. f)3. 13|) we see that there are four collinear poles in S} ' J 



{a,b},Af\0(z°) 

ing to A becoming collinear with the adjacent external lines of the cut. Careful readers might 
find this puzzling, as the MHV tree amplitudes on both side of the cut only have collinear 
poles of the form (h,i), (h,i + 1), (h,j) and (l2,j + 1). Recalling that here |A) = I/2), 
one would instead expect collinear poles of the form, [A|p + ij|i), [A|Pj + ij|i + 1), (A, j) and 
(A, j + 1). The resolution is that eq. (I3.13P is obtained by shifting (h,i) — > (h,i) + z(l2,i) 
and expanding around z — > 00, thus introducing the poles: 



(h(z),i) 



(i 



(3.15) 



Since these poles originated from {li(z),i), we will abuse the terminology, as well as the 
figures, and still refer to them as collinear polesJl 

To better track the contributions of the collinear poles, we rewrite the integrand as follows: 



'{o,b}, M 



O(z ) 



(Af - 4)^ 
(Af - 4)A^ ee 



\}(b,\) 2 {i,i + l) f(a,j + l) 



(j, A) 

(a,6) 2 (i,A)0- + l,A) V<i + 1,A) (i,A) 



(a,6) 2 (i,A)(i + l,A) \(j + l,X) 
(a,X)(b,X) 2 (j,j + l) f(a,i + l) 



(3.16) 



where the two equivalent representations focus on different adjacent collinear poles in the 
parentheses. The representation in eq. (I3.16P allows us to compute the bubble coefficient 



In fact, this is not as much of an abuse as it may seem. Note that evaluating the pole at z — > 00 is 
equivalent to evaluating the pole at the origin minus the poles at finite z. The former would be a true 
collinear pole, while the latter would be a collinear pole with shifted h. 
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(i-channel poles) 




(j -channel poles) 



Figure 10: A graphical representation of eq. (|3.18|) . The bubble coefficient of a given channel 
is separated into four terms, each having a different collinear pole as the origin of the holo- 
morphic anomaly that gives a non-zero <iLIPS integral. The 4-contributions can be grouped 
into two channels, the i- and the j-channel. 



in a manner that manifests the relation between collinear poles in adjacent channels. With 
auxiliary spinor \a) in eq. (|3.14p chosen to be \a), the bubble coefficient is 



a 



(m) 

2 {a,b} 



(ij) 



Here we have used (A ~ j) to indicate the contribution from the collinear pole (A, j). For 
convenience, we will refer to (A ~ j) and (A ~ j + 1) collinear poles as "j-channel poles", and 
(A ~ i) and (A ~ i + 1) poles as "i-channel poles". A graphical illustration of eq. (|3.18p is 
given in Fig. [10] 

Before proceeding, we point out a very important observation. Comparing the first line 



of eq. (13T6J) for S { ^^ N \ o{z0) with that for S^ b} ^\ o{z0) , 



S 



O(*0) 



(M - A) A, 



tree 



(a, X)(b, X) 2 (i,i + 1} f(a,j) (a,j-l) 



(a,by(i,X)(i + l,X) V(i,A) (i-l,A) 



we immediately see that terms containing the common collinear pole of the two adjacent cuts, 
i.e. 1/ (j, A), are exactly the same but, crucially, have opposite signs. This applies to all of the 
other terms in eq. (|3.16|) . each having a counterpart in the adjacent channel, as illustrated in 

Fig.m 

At this point, one is tempted to conclude that the contribution to the bubble coefficient 
from common collinear channels cancels. However there is one subtlety. In eq. (|3.14p . besides 



ft*) 
{a,6},AT 



0(^0), there is an extra factor in the total derivative that depends on the total mo- 
mentum of the two-particle cut, Pj+i j, which will be distinct for the adjacent cuts. Luckily 
these distinct factors become identical on the common collinear pole: 



[A|Pi + i,j|a) 



(A|P i+ ij|A](A,a) 



[A|Pj+ij_i|a) 



<AJ>=[A,j]=0 



(MPi 



i+lj-1 



\X](X,a) 



(Aj)=[A,j]=0 



(3.17) 



where 



<A,j>=[Aj]=0 



indicates that the loop momentum is evaluated in the limit where it is 
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collinear with j'Q Because the extra factors are identical on the common collinear pole 
(CCP), we now conclude that the contribution of the CCP to the bubble coefficient indeed 
cancels between adjacent channels. This can also be concretely checked against the result 
from the direct evaluation of the dLIPS integral: H 



a 



C 2{a,b}( X 



-{M-A)A^ ee 
(W - 4)„4 t n ree 



;\2 



+ (a\P i+ i d -i\j} (a,j)(b,j) 
(a, 6)2 (j + ll^+^lj] + 

(M + l) (a\Pj+iM (a,j)(b,j) 2 



Adding these two equations, we find 



(4 - N)An 



tree 



2{a,b} V '~ 3) 

(M + l) (a,j)(b,j) 2 r 
(a, 6) 2 + 



(a\Pi+ij\j] , (a|Pj 



+ 



bl 



i+lj-l 



|J] 



0, (3.18) 



thus verifying our claim. 

Since the four collinear poles for a generic two-particle cut are shared by four different 
adjacent channels as shown in Fig. [TJ this immediately leads to the result that although the 
bubble coefficient for a generic two-particle cut is given by complicated rational functions, as 
shown in eq. (13. 18j) . in summing over all two-particle cuts there is a pairwise cancellation of 
CCP, and thus a majority of bubble coefficients do not contribute to the final result. 



a+2 



a+1. 



,~ s - v, a+3 a +3_ ^ ^ - N a+4 





Figure 11: A schematic representation of the cancellation of CCP for adjacent MHV ampli- 
tude for SYM. Each colored arrow represents a collinear pole that contributes to the bubble 
coefficient. Pairs of dashed arrows in the same color cancel. Only those represented by the 
solid arrows one on the two ends remain; they are the only non-trivial contribution to the 
overall bubble coefficient. 



The cancellation of CCP in adjacent channels leads to systematic cancellation in the sum 
of bubble coefficients, and the sum telescopes. However, there are "terminal cuts" which 
contain unique poles that are not cancelled. Below, we demonstrate that these so-called 
"terminal poles" constitute the sole contribution to the overall bubble coefficient. First we 
focus on the simplest case, namely the two ^-lines a, b are adjacent. The general case is 
treated in section. 13.2.21 

3.2.1 Adjacent MHV amplitudes 

We consider split-helicity MHV amplitudes where the lines a, b are adjacent, i.e. b = a — 1. 
The systematic cancellation is illustrated in Fig. [TTT where the dashed lines indicate pairs of 

4 Since the contour of the dLIPS integral is taken to be real, A = A, the collinear pole 1/(A, j) freezes the 
loop momenta to satisfy {X,j) — [A, j] = 0. 

5 The explicit evaluation of integrals in eq. ()3.6|l using the holomorphic anomaly [131 [SI 9: is reviewed in 
appendix fX] 
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CCP that cancel in the sum. Note that there are no contributions from the collinear poles 
where the loop leg is collinear with the \&-lmes, a and a — 1. This is because the residues 
of such poles are zero, as can be seen in eq. (|3.16|) and explicitly checked in eq. (|3.18|) . 
One immediately sees that the summation is reduced to the two terminal poles. These are 
identified as poles in two-particle cuts with a 4-point tree amplitude on one side (and an n- 
point tree on the other), where the two loop momenta become collinear with the two external 
legs of the 4-point tree amplitude. A straightforward evaluation of the contribution of these 
two terminal poles yields the result for the sum of all bubble coefficients: 

C 2 Ka-i } = C^-f (A ~ a - 2) + C%£$ (A ~ a + 1) 

= -(yV-4)^ ree + = -/3 ^ ree , (3.19) 

with /So = (AT — 4). Note that ^{li-ij^ ~ a + 1) = is a result of our choice of reference 
spinor \a) = \a) in deriving eq. (|3. 18[) . Were we to make the other choice, \a) = \b) = \a — 1), 

we would instead have cfc^J^A ~ a - 2) = and clf^'fiX ~ a + 1) = -/3 ^ ree - 

For example take the six-point MHV amplitude with legs 1 and 6 to be negative-helicity 
lines. The sum of bubble coefficient is given as 

C 2 {1,6} = C a % (A ~ 2) + Cf { % } (A ~ 3) + C#f 6} (A ~ 3) + cf^ fi} (A ~ 4) 
+^(A-4) + c( 4 { f ) ) 6} (A~5) 

= C ?&} ( A ~ 2) + C^ 6} (A ~ 5) = -P,AT ■ (3.20) 

We see that there are two pairs of common collinear poles, A ~ 3 and A ~ 4. The pairs cancel 
each other in the sum and one arrives at the two terminal pole which evaluates to the desired 
result. The cancellation is illustrated in Fig. [T2l 




Figure 12: A schematic representation of the cancellation of CCP for adjacent six-point MHV 
amplitude. The dashed lines are common collinear poles, which cancel pairwise. 



Thus we have demonstrated that one of the terminal poles vanishes and the sum of bubble 
coefficients for adjacent MHV amplitude, with arbitrary n, is given by a single terminal pole! 

3.2.2 Non-adjacent MHV amplitudes 

The above case with the two ^-lines a, b being adjacent is simple because the j-channel poles 
(see below (|3.16p ) were absent. For MHV amplitudes with a, b being non-adjacent, the j- 
channel poles are now non-zero, and all the four collinear poles contribute in eq. (13.18|) . The 
sum of bubble coefficients can be conveniently separated into a summation of the i-channel 
poles, and a summation of the j-channel poles. Cancellation of CCP in both channels again 
reduces the summation to the terminal poles. For simplicity, we set a = 1 and 1 < b. We 
denote the terminal cut in the summation of i-channel poles by it,j, and similarly for the 
terminal cut of the j-channel poles by i,jt- The contribution of these uncancelled poles are 
identified as: 
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^-channel: 



(itj) M for j = n, it = 2 

for b < j < n, if = 1 



<3 H { li}(A~H) 



j-channel: 



rbf* (\ ~ + 11 for j = 6, i t = b-2 

L 2 {1,6} l A ~ *t + 1) for b < j <n, it = b-l ' 

^(m'O /x ■ \ for i = 6 - 1, j t = b + l 
°2{1,&}1 A ~W for l<i<6-l, j t = 6 ' 

2 l 1 ) 6 }* 1 J y for l<?<n — 1, jt = n 

In identifying the terminal poles, one has to take into account that, when summing over the 
i-channel poles, the value of j affects the possible values that i can take (and vice versa for 
the summation of j-channel poles). For a detailed discussion of the above result, we refer the 
reader to appendix |Pl where we perform a similar analysis for non-adjacent MHV amplitudes 
in pure Yang-Mills. As discussed in section [3.2. 1\ the collinear poles where the loop momenta 
becomes collinear with a ^-line have vanishing residues. In the present context, this refers 
to (A ~ 1) and (A ~ b). Thus there are only four contributing terms in the sum of bubble 
coefficients 

C 2{ i M = Cf g 6} (A ~ 2)+cf^g(A ~ b-l)+cf- { H } +1 \x ~ b+l)+C^- b f(X ~ n) . (3.21) 

Extracting the corresponding expressions from eq. (|3.18p . one finds that the first and last 
terms vanish. This is again due to the choice of reference spinor \a) = \a). E Thus the 
only contributions to the sum of bubble coefficients come from C^i^^i^ ~ b + 1) and 

^2{\ b}^ ~ b — 1), which sum to 

c '2 (..»}= Cf " (A ~ b + 1) + c('-« (A ~ 6 - 1) 

. (4 - ^ Mzj)M^l|zMM±j> . _(V - 4MS- . (3.22) 

This agrees with eq. (jl.4p with /3q = (jV — 4) . 

In conclusion, for both adjacent and non-adjacent MHV amplitudes in J\f = 1,2 super 
Yang-Mills theory, the cancellation of CCP in the sum of bubble coefficients implies that for 
n-point (non-) adjacent MHV amplitudes, only (two) one term in the sum of bubble coefficients 
gives a non-trivial contribution /3o^ ree . Thus the on-shell formalism achieves eq. (jl.4p in a 
systematic and simple way. 



3.3 MHV bubble coefficients for pure Yang-Mills 

The observed structure of cancellations for N = 1,2 super Yang-Mills theory is present in 
pure Yang-Mills as well. However, it is more involved to derive this since the O(z ) part 
of the BCFW-shifted two-particle cut contains higher-order collinear poles. Nevertheless, 

6 If we were to use the other choice, |a) = |6), we would arrive at the result that the second and third 
terms of eq. (|3.21[1 vanish. This apparent dependence of a particular double-cut on the reference spinor is 
illusory: with care, one can cancel the full |a)-dependence from each individual bubble coefficient. However, 
this cancellation comes at the expense of the manifest a <-» b symmetry present in the uncancelled form. This 
asymmetry causes one term to seemingly vanish while the other gives the full bubble-coefficient. 
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adjacent channels again share these higher-order CCP, and their contribution to the sum of 
bubble coefficient also cancels. The cancellation of CCP renders the summation down to the 
terminal poles, which evaluate to ll/6A^ rce . We present the detailed derivation of this in 
appendix [TJJ Here we would like to give a brief discussion on the nature of the terminal poles 
in pure Yang-Mills theory. 

As discussed above, the terminal cuts are those where there is a 4-point tree amplitude on 
one side of the two-particle cut. The uncancelled terminal poles can be identified as the poles 
that arise when the loop momenta become collinear with the pair of external legs of this 4- 
point tree amplitude. For pure Yang-Mills, summing over the internal helicity configurations 
before taking the dz and eZLIPS integrals obscures the nature of the cancellation. 

Additional structure reveals itself if we first evaluate the contributions to the bubble- 
coefficient for a given set of internal states, aka gluon helicity configuration, and then sum 
over internal states/helicities. Specifically, these double- forward terminal poles are non-zero 
only when the internal helicities of the loop legs leaving the n-point tree on one side of the 
cut, match with the helicities of the pair of external lines in the 4-point tree on the other 
side of the cut (see Fig. [T3j) . These "helicity preserving" double-poles (which will henceforth 
be called "double- forward poles") give the entire bubble coefficient. 

Consider the internal helicity configuration (if,^) as shown in Figs. I8b1 and 1131 There 
are two "helicity preserving" terminal-cuts: diagram (a) and (b) in FigJ131 Choosing the 
reference spinor \a) = \a), diagram (b) vanishes, and diagram (a) evaluates to ll/6A^ ree , see 
cq. (|D,25|) . If one were to make the other choice for the reference spinor, \a) = \b), we would 
instead have diagram (a) in Fig [T3l vanishing, and diagram (b) giving ll/6j4^ rcc . In fact, 
the helicity preserving property of the contributing poles can also be seen for the TV = 1, 2 
super Yang-Mills theory, where one simply substitute the + and — helicity in the previous 
discussions with ^ and $ lines. This fact was obscured previously as the different internal 
multiplet configurations were summed to obtain the simple form of the two-particle cut in 
eq. (pTT3]) . 

Thus we conclude that in the pure Yang-Mills theory the sum of bubble coefficients is 
simply given by the contribution of terminal poles where the helicity configuration is preserved, 
and where the loop momenta become collinear with the pair of external legs within the 4-point 
amplitude. For simplicity we will call these double-forward poles, due to the nature of the 
kinematics. In section [5] we will show that for split-helicity N fc MHV bubble coefficients, these 
double- forward poles again produce the correct sum for the bubble coefficient, thus indicating 
complete cancellation among the remaining contributions. But before indulging in that story 
let us present a general argument for the cancellation of CCP. 

4 Towards general cancellation of common collinear poles 

In the above, we have shown that eq. (jl.4p can be largely attributed to the fact that the bubble 
coefficient for a given cut, secretly shares the same terms with it's four adjacent cuts, leading 
to systematic cancellations between them. We have proven this for n-point MHV amplitudes 
in both M = 1, 2 super Yang-Mills as well as pure Yang-Mills theories (appendix [D]). One can 
also consider adjoint scalars and fermions minimally coupled to gluons. Since at one-loop, 
we can separate contributions from different spins inside the loop as 

fermions ( M = 1 SYM ) - ( YM ) 

scalar -»• ( M = 2 SYM ) - ( N = 1 SYM ) - ( fermions ) , (4.1) 
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(a) (b) 

Figure 13: The two terminal cuts for a given helicity configuration for the loop legs. For the 
choice of reference spinor \a) = \a) only diagram (a) is non vanishing. If one instead choose 
\a) = | b), then it is diagram (b) that gives the non-trivial contribution. 



proof of cancellation of CCP for each of the theories (for MHV scattering) on the RHS of 
eq. (|4.ip . implies that such cancellation occurs for each spin individually. 

We would like to show this holds for N fc MHV amplitudes. Unfortunately, for N fe MHV 
amplitudes, multi-particle poles of tree amplitudes on either side of the cut contribute to the 
bubble coefficient, and the analysis becomes more complicated. However, we believe that 
the cancellation between CCP persists for arbitrary helicity configuration. As an indication, 
we demonstrate that the residues of CCP for adjacent cut always have the same form and 
opposite signs, for any helicity configuration. 

Collinear limits of tree level amplitudes in Yang-Mills theory, with k a = zkp, k^ = 
(1 — z)kp, f actor ize as 

AT (...,a A %6\...) -»> SP^-T (z,a Xa ,b Xb ) (..., P A , ...) (4.2) 

A=± 

where the factor Split!^ 6 (z, a Aa ,6 Afc ) is the gluon splitting amplitude. Its form for various 
helicity configurations are given by [15^ PT9] : 

Split*! 00 (a-,b~) = (4.3) 

Split! 66 (a+ 6+) 



Split^ 66 {a + ,b~) 
Split! 66 (a + ,6~) 



y/z(l-z)(ab) 

~2 



y/z(l-z)[ab] 



Without loss of generality, we focus on the common collinear pole, depicted in Fig. [5l in 
adjacent cuts — l\i...n) and (l...i\i + l...n). In other words, we study the collinear region 
with I® = r®ki and = r^ +1 ^/cjll| The two integrands become 

Cut(i..j_i|j.. n )|( W ) (4.4) 
= A i+1 (l,...,i-l,r^i,f) ^S P lit t IfA n _ i+2 ( c l$\(l-T®)i,i + l,...,n) , 

A=± 



7 Strictly speaking, the condition {hi) = only requires A; x ~ Ai. However since the dLIPS integration 
contour is along A = A, the condition is equivalent to h ~ fcj. 



19 



for cut — l\i...n), and 
Cut(i„ i | i+ i... n )|( ili ) (4.5) 
" SpUt^+i (l, (1 + r( l+1 ))i,4 l+1) ) A n . t+2 f-4 4+1) , -r< i+1 >M + 1, ...,n 



A=± 

for cut (l...i\i + l...n). The parameter can be fixed by the on-shell condition on if since 

in the cut (l...z — l|z...n), zij = ^i— l + T®fe$. Similar constraints from the cut + l...n) 

fix r^ +1 ). This leads to 

p2 

T (0 = i~ l = r (<+l) + 1 

2fcj • Pi— i 

^ if = p._ 1 + T C0 A; . = P . + r (i+i) fc . = _ 

Substituting these results back into eq. (j4.4jl and eq. (|4.5|) , we see that the product of tree am- 
plitudes are identical at their common collinear pole. Furthermore, identifying the kinematic 
variables in the splitting amplitudes for each cut as: 

1 



z 



(1..A - l\i...n) : k a = h, h = -r^h, 

+ l...n) : k' a = ki, k' b = r^Ja, z' 



1 - rW 

1 1 



1 -|- r (i+l) r (i) 

we see that the splitting amplitudes for the two cuts are identical with a relative minus signU 
The above analysis confirms that eq. (|4.4p and eq. (|4.5p are indeed identical up to a minus 
sign. Thus the residue of the entire two-particle cut on the common collinear poles, are iden- 
tical and with opposite sign. This, however, does not directly lead to a proof of cancellation 
of CCP for bubble coefficients. This is because to extract the bubble coefficient, the two- 
particle cut must be translated into a total derivative, in order for one to use holomorphic 
anomaly generated by the collinear poles to isolate the dLIPS integral. It is not guaranteed 
that after translating the two cuts into a total derivative form, the residues on the CCP are 
still equal and opposite. 



5 N fc MHV bubble coefficients 

The cancellation of CCP, even if it holds for generic helicity configurations, is clearly not suffi- 
cient for simplifying the sum of bubble coefficients for N fc MHV amplitudes. The complications 
arise from the presence of multi-particle poles of the tree amplitudes in the two-particle cut. 
It is conceivable that there exists a similar cancellation of common multi-particle poles, since 
a trivial example would be the cancellation of CCP, considering the fact that collinear poles 
are secretly multi-particle poles via momentum conservation. Here we instead ask a more 
direct question: does the contribution of the double forward poles for the bubble coefficient, 
directly gives ll/6A tree for n-point N fc MHV amplitude. 

To facilitate our analysis, we will use the CSW representation [131 [201 EI] for the split 

helicity NMHV tree amplitude ( !-••■+)• We will show that at the double forward 

poles, the contribution from each individual CSW diagram evaluates to 11/6 times the original 
CSW diagram whose loop momenta is replaced by the corresponding external lines. Summing 
the different diagrams one simply recovers 11/6 times the CSW representation of the tree 
amplitude. Using induction, we prove that this is still true for all n-point split-helicity 
N fc MHV amplitudes. 

s For consistency, we take the positive branch of the square root. 
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(a) (b) 

Figure 14: The terminal cuts of the split helicity NMHV amplitude that contain the two 
helicity-preserving double-forward poles. 



5.1 Double forward poles in terminal cuts of A\ loop ( h ...+) 

The split helicity configuration for NMHV amplitudes is the simplest to analyze. The CSW 
form for n-particle NMHV scattering, with adjacent negative-helicity gluons is given by the 
following 2(n — 3) terms [13] : 

+ + ^ (1,2) 3 1 (P 3l ,3) 3 

A(l ,2 ,3 ,4 ,...,„ ) - 2^ ( ^ i . )i + i ) ... ( p j 2>^T(3 ) 4)-'-(i,i%, i ) 



i=4 



+ £ 



i=4 



(P 2 ,i-l,i) • • • (n, 1) P%-_ x (P 2 ,i-l,2) ■•■(»- l,P 2 ,i-l) 

(5.1) 



where |-Pjj) = Pjjlr/], and fj is an auxiliary spinor. 

For helicity configuration (Z^Zj ), the terminal cuts are shown in Fig. 1141 We first focus 
on cut (a), which is given by A^lf , 3~, 4 + , Z^~) x J 4 n (Z^", 5 + , n + , 1~, 2~, Zj~). We use the 
CSW expansion on the n-particle NMHV sub-amplitude as indicated in Fig. [15] Notice for 
diagram (a) and (b) of Fig. [T5] the loop legs are on the same MHV vertex and hence the 
CSW propagator 1/P 2 does not depend on z. This implies that from the point of view of 
extracting the pole at z —> co and performing the (iLIPS integration, only the MHV vertex 
on which the loop legs are attached are relevant. Hence the evaluation of the double forward 
poles is simply evaluating the contribution of that for an MHV amplitude with one on-shell leg 
identified with CSW propagator leg, multiplied by the remaining CSW vertices which behaves 
as spectators to the (iLIPS integration. This realization makes the computation trivial, as we 
know the double forward pole contributes 11/6 times the tree amplitude. This implies that 
here the result would simply be 11/6 times the corresponding CSW tree diagram. One can 
thus straightforwardly obtain: 



diag(a) + diag(6) ] 



11 /A (1,2) 3 1 (P 3 ,„3) 3 

6 V h (P 3 ,i, i + 1) ■ " • <P, 2) Pl % (3, 4) • • • (i, P 3ii ) 



df \ i= 4 



it 



+ E 



l,iV-l> d 1 < 2 ' 3 > C 



5 (P 2ji _i,i) • • • (n, 1) P2._ 1 {F^_ Xi 2) ■■•(»- l,P 2 ,^i), 

(5.2) 

where \df indicates the contribution from the double forward pole. There is another type of 
contribution, as shown in diagram (c) of Fig. [T5l where the CSW propagator depends on z 
and we need a careful analysis as following. 
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Figure 15: Representing the tree amplitude in the terminal cuts with CSW expansion. Note 
that the loop legs are attached to the same MHV vertex for diagram (a) and (b). The dLIPS 
integration for these diagrams are exactly the same as that computed for adjacent MHV 
bubbles. 



Denoting |P) = P\fj], which accounts for the z-dependence of the CSW propagator, the 
cut is given by: 

diag(c) = {1 > P)3 1 (2jl)3 x < 3 ^) 4 (5 3) 

<P, h > (h , 5) . . . (n, 1) P 2 (P, 2} (h , P) (3, 4) (4, l 2 ) (l 2 , h )(h, 3} 

where P = p 2 + h- We call this the "hard" term. The other 2n — 5 terms we call the "easy" 
terms. For simplicity, we first strip off the corresponding tree factor, i.e. the i = 4 term in 
the second line of eq. f)5. 1 1) : 



(1,^,3) 3 1 (2,3) 3 

2 ' 3 (P 2 ,3,4)(4,5)...(n,l)P 2 2 i3 (P 2 ,3 ) 2)(3 ) P 2 ,3} 1 " ' 

Stripping off T 2! 3 from eq. f)5.3j) yields: 

dia g(c) =T J <'^) 3 ( P »^)(^> Ml , (3^fM>m ) (5.5) 

' \(l,P2. :i ) 3 (P,l2}(h,?>} (P.2)(h,P}(2,3}H3A)(4,h)(h,k}(k.3)J 

We would like to put this into a form where we can readily take the large-z pole followed by 
the (fLIPS integral about the double forward pole. To simplify the analysis, we work-out the 
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explicit form of the spinor-inner products: 



P) = (P2 + hM { (h,P) = (h,2)[2,fj], (l 2 ,P) = (h,2)[2,fj] + (h,h)[h,fj], 

(2,P) = {2,h)[h,fj], (1,P) = (l,/i)[/i,?]] + (l,2)[2,r/] 



|P 2 ,3> = (P2+P3M \ (3,P 2 ,3> = (3,2)[2,f?], (Z 2 ,P 2 , 3 ) = {l 2 ,2)[2,fj} + {l 2 ,3)[3,fj}, 

(2,P 2 , 3 ) = (2, 3) [3, fj], (1,P 2 , 3 ) = (1,3)[3,7?] + (1,2)[2,?7] 



(5.6) 

Applying eq. (|5.6[) to eq. ()5.5|) . cancelling all common factors, and setting I?)] = |2]Jf| we find: 

(l/ 1 } 3 (4,5}(3,/ 2 ) 4 



diag(c) = T 2i3 

1 XhA) 

Expanding around z — > oo, one finds 



(13) 3 (/V 2 ) 2 (/ 2 ,5}(4,/ 2 }(/ 1 ,3) 
(3,4) (3,5)\{h,l 2 ) 



1 + 



(l,k)(fi,3) 
<l,3>(/i,Z2> 



(5.7) 



diag(c) 



'2,3 



(3,4) (3,5) \f,(l,h) 3 (l,/ 2 ) 2 (/i,3) | <1,Z 2 ) 3 <Z 1 ,3) 2 



(«2,4> <Z 2 ,5>y V (1,3) (l,S) 2 (h,k) (1,3)3^,^)- 



The double forward pole corresponds to the (hA) pole. A straightforward evaluation of the 
residue gives: 



diag(c)| d/ 



T23 1 dLIPS Mf3<i4> - 3 i^M + {hk)3{h/i}2 



/' 



{hA) \ (1,3) (l,3) 2 (/i,/ 2 ) (l,3)3(Zi,i 2 > J 



1 1\ 11 

3xl-3x- + lx-jT 2 , 3 = — T 2 , 3 



In summary, we find that the double forward pole of the terminal cuts sum to give: 



[ diag(a) + diag(fr) + diag(c) ] 
11 



11 



E 



<1,2) J 



1 (P 3 ,i,3) s 



+ 



+ 



E 



6 V £Z i + 1) • " ■ (P, 2) P 3 2 4 (3, 4) • • • (i, P 3 ,0 
(l,P 2li -i) 3 1 (2,3) 3 



6 Vt^ <^,i-i,*> • • • (n,l) (P 2 ,i-i,2) • • • (i - l,P 2:i _i) 



11 



(1,^2,3 



1 



(2,3)= 



6 V(P 2 ,3,4)(4,5).>,1) P| 3 (P 2i3 ,2)(3,P 2 , 3 ) 



Hi(r,2-,3-4 + ,.., n + ) 
o 



(5.8) 



Thus indeed the double forward limit gives the expected proportionality factor from the sum 
of bubble coefficients, suggesting a complete cancellation among the contributions from all 
the other channels. 



9 This ordering of steps is important: this cancels an apparent factor of [2, fj\ in the denominator of eq. (15.51) 
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Figure 16: Diagram (c) in Fig. [15] for the five-point amplitude. Going from five-point to 
arbitrary n-point simply corresponds to adding additional plus helicity legs on the bottom 
MHV vertex. Since this modification affects neither extraction of constant term for z — > oo 
nor evaluation of the cfLIPS integral, the 11/6 factor obtained at five-points holds for arbitrary 
n. 



We see that using the CSW representation for NMHV tree amplitudes reveals the following 
structure: the double forward poles in the terminal cut contributes a factor 11/6 for each 
CSW tree diagram. Note that all but one term, diagram (c), goes through trivially as 
the (iLIPS only sees only one MHV vertex in the NMHV tree amplitude. There is a more 
straightforward way of understanding the factor of 11/6 in diagram (c), which goes as follows. 

Consider the same calculation for the split-helicity NMHV five-point amplitude. Since 
this is secretly a five-point MHV amplitude we know that the forward poles for a given 
internal helicity configuration evaluate to ll/6x MHV, as proven previously. Now consider 
the same evaluation using the CSW representation. Since diagrams (a) and (b) automatically 
yield 11/6 times the corresponding CSW tree diagram, diagram (c) must give 11/6 times its 
corresponding CSW tree diagram, T2 i 3. For higher point NMHV amplitudes, diagram (c) is 
modified by additional plus helicity legs on one of the MHV vertices, as indicated in Fig. [161 
From the point of view of expanding around the pole at z —¥ oo and the dLIPS integral, 
these additional plus helicity legs are simply spectators and do not participate. Thus the 
evaluation of diagram (c) "must" be 11/6 as explicitly shown above. Note that this way 
of understanding the result of the double forward poles allows us to generalize to N fc MHV. 

5.2 Recursive generalization to N fc MHV bubble coefficients 

We are now ready to give an inductive proof that the residue at the double-forward poles 
gives the entire bubble coefficient, 11/3 x A^ cc , for general split-helicity N fc MHV amplitudes. 
The proof is as follows: 

• Using the CSW representation of N fe MHV amplitude, the diagrams that appear inside 
the terminal cut can be categorized by the number of z dependence CSW propagators. 
For a given k there will be at most k propagators that have non-trivial z dependence. 
Diagrams that have p < k, z-dependent CSW propagators will be diagrams that have 
already appeared in the analysis for N P MHV amplitudes, hence are known to give 11/6 
times the corresponding CSW tree diagram. 

• There will be a unique diagram that has k, z-dependent, CSW propagators. To evaluate 
this diagram, we note that the /c+4-point split-helicity N fc MHV amplitude is the same as 
a k + 4-point adjacent MHV amplitude, for which we know that the forward limit poles 
gives 11/6j4^' cc . In the CSW representation, since all other diagrams already evaluate 
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to 11/6 times the corresponding tree diagram, as discussed in the previous step, this 
final diagram must as well. 

• For arbitrary n, one simply adds additional positive-helicity legs to MHV vertices. These 
extra states do not participate in the expansion around the pole at z — > oo or in the 
(iLIPS integral. The modification only appears as an overall factor, thus proves that for 
general n this last diagram also evaluates to 11/6 times the corresponding CSW tree 
diagram. 

• Summing all the CSW diagrams in the double-cut, we obtain 11/6 x A^ ee for the forward 
pole contribution to the bubble coefficient from the terminal cut. 

• The other internal helicity configuration evaluates in the same way, on the other helicity- 
preserving double- forward terminal pole, yielding C2 = 11/3 x A^ ee 




(e) 

Figure 17: The CSW representation of the terminal cut for N 2 MHV amplitude. The evalu- 
ation of diagrams (a) and (b) are identical to that of adjacent MHV amplitudes, while the 
evaluation of diagrams (c) and (d) are identical to split helicity NMHV amplitude. 

We use the N 2 MHV amplitude to illustrate the above steps. The CSW representation 
for the N 2 MHV terminal cut is given in Fig. [TTl Diagrams (a) and (b) have no z-dependent 
CSW propagators, and hence from the point of view of extracting the constant piece at 
z — > 00 and integrating over dLIPS, the two left most MHV vertex are just spectators and 
the evaluation is on the right most MHV vertex on the left hand side of the cut. Thus 
evaluation of diagrams (a) and (b), is identical to evaluation of adjacent MHV amplitudes. 
For diagrams (c) and (d), there is one z-dependent CSW propagator. The MHV vertex where 
1~ sits is again a spectator and the evaluation is identical to that of diagram (c) in Fig. [15] 
for the NMHV amplitude, and hence evaluates to 11/6 times the corresponding CSW tree 
diagram. Finally, for the unique diagram (e), we use the argument that for n = 6, this is 
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simply the MHV amplitude, from which we deduce that this term must also evaluate to 11/6 
times the corresponding tree diagram. This result will not be modified for n > 6, and hence 
completes the proof. 

6 Conclusion and future directions 

In this paper, we study the proportionality between the sum of bubble coefficients and the 
tree amplitude, which is required for renormalizability. For theories where Feynman diagram 
analysis is tractable, such as scalar theory and pure scalar amplitudes of Yukawa theory, 
we find that the bubble coefficient only receives contributions from a small class of one- 
loop diagrams. The contribution of each diagram is proportional to a tree-diagram, and 
hence summing over all one-loop diagrams that give non-trivial contributions, is equivalent 
to summing over all tree-diagrams. This trivially leads to the proportionality condition. For 
some amplitudes of the Yukawa theory, the large- z behavior of the two-particle cut becomes 
intractable via Feynman diagrams, and we instead use helicity amplitudes. By requiring 
the sum to be proportional to tree amplitude, we find the known renormalization conditions 
derived from power counting analysis. 

For (super)Yang-Mills theory, we show that the bubble coefficient for MHV amplitudes can 
be organized in terms of their origin as collinear poles, which are responsible for the nontrivial 
contribution to the dLIPS integration, in the two-particle cuts. This representation reveals 
the existence of systematic cancellation in the sum of bubble coefficient. In particular, the 
residues of common collinear poles (CCP) cancels, and the sum telescopes down to unique 
terminal poles. These are poles that arise from cuts that have at least a 4-point tree amplitude 
on one side of the cut, and the helicity configuration of the internal legs must match that of 
the two external legs on the four-point tree amplitude, as shown in Fig. [2 We conjecture 
that these double forward poles are the only non-trivial contribution to the sum of bubble 
coefficients for any helicity configuration. As further evidence, we explicitly proved that for 
split helicity n-point N fc MHV amplitudes, the contribution of each terminal pole indeed give 
11/6 times the tree amplitude. 

For more generic external helicity configurations, it will be interesting to see how the 
contributions from the multi-particle poles cancel with each other. An even more interesting 
example would be gravity. It is well-known that pure gravity is one-loop finite [22] . The bub- 
ble coefficient is non- vanishing for generic two-particle cuts, and hence massive cancellation 
must occur. The lack of color ordering for gravity amplitudes indicate the pole structure that 
gives rise to the non-trivial contributions for the dLIPS integral is more complicated than 
Yang-Mills: presumably new cancellation mechanisms are required even for MHV amplitudes. 

We have demonstrated that the UV divergence of the one-loop gauge theory amplitude 
is completely captured by the residues of a set of unique collinear poles, i.e. it is controlled 
by a residue at finite loop momentum value. If the same holds for gravity, then through 
KLT relations [23] the residue of gravity is intimately tied to gauge theories, and it will be 
interesting to see how the relationship allows cancellation among terminal residues, leading 
to the known finiteness result for gravity and it's relationship to BCJ duality \24\ 125], Note 
that the study of tensor bubbles has previously revealed improved UV behavior for gravity 
amplitudes compared to naive power counting from Einstein-Hilbert action [26] . Even though 
it is well known that gravity is finite at one- loop, a careful analysis of how finiteness is achieved 
for generic amplitudes may shed light on additional structure, as we have successfully achieved 
for (super) Yang-Mills amplitudes. 
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A dLIPS integrals, via the holomorphic anomaly in 4-dimensions 

Following [8j[9l[T3], we can calculate integrals of the following form, 

A— a WW (aipia]» sw ' " l nr=ifa.A> 

where the integral over phase-space (<iLIPS integral) is really a contour integral over two 
complex numbers. Two cases are important here: n = for scalar- and Yukawa-theory, and 
n = 2 for gauge theories. Note: 

,2 $,d\] ~ d d ( [X,rj]P 2 \ ^ d ( [\\P\a) 



P 2 y = -d\ a -^- ^ = —d\ a —= — I L L 1 ' — . (A.2) 

<A|P|A] 2 d\*\(\\P\\](\\P\fj]J d\«\(\\P\\](\,a)J 

where we have introduced reference spinors \fj] = P\a) in order to express the <iLIPS inte- 
gration measure as a total derivative. We further note that integrands of the form (jA.lj) can 
be reduced to this basic measure through repeated differentiation. Concretely, for n = 2: 

- l PP £ A^A. (A.3) 



(A|P|A] 4 6 d{{\\PYd{{\\P)^ l(A|P|A] 2 

For the case of MHV bubble integrands, the only reference spinors are of the form \I\ = P\i). 
Combining ()A.2p and ()A.3|) . and interchanging the order of differentiation, one can re- write 
the "n = 2" integrand as a total derivative: 



Jx=x (ALP A 4 



<A|P|A] 

If ( -. d 

(A, d\) ( -d\^- 



6/a=a V dX* 



[\\P\a) g(X) 1 f {i\P\~X){j\P\~X} | (i,a){j,a) (A 4) 



(A|P|A](A,a)3 1 (A|P|A] 2 (A, a) 

l(i\P\~\](j,a) + (i,a)(j\P\\] 



+ 



2 (A|P|A](A,a) 



The last form for the integrand, re-written as a total derivative, vanishes at all points save 
when it hits a simple pole. This is because along the integration contour A = A, one has [13], 



- dX "i<h = - 2nHMh (A ' 5) 
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J(\d\)6«\,0)B(\) = iB(0. (A.6) 

Thus the cfLIPS integral is localized to the poles 1/(A, £) of the integrand^ Each term in 
the integrand (|A.4p has potential collinear divergences coming from the spinor brackets in 
the denominator of g(X) and that of the reference spinor (A, a) — > 0. 

Through (fO|) and COjh we see that the simple bubble integrals in scalar QFT in 
section [2] simply evaluate to j <iLIPS(l) = —2iri. For MHV bubble integrands, such as 
eq. (|3.16p . there is always a choice of the reference spinor, such as [a) = \a), which eliminates 
the unphysical 1/(A, a) pole. 

B A proof of 12.61 for n > 4 case 

We first give a recursive construction for the tree amplitudes. Starting from one "central" 
vertex, we attach four lower point tree amplitudes to it. A sketch of this construction is 
shown as: 




Figure 18: Constructing a tree amplitude from lower point amplitudes. 



Let P(1..6) be the set of all partitions of the set (1, . . . ,n). Then each group of the four 
tree amplitudes is determined by a certain partition a % = {a\, a\, a\, a\} € P(l..n) of the 
external states (1, n) and contributes 



^-rr i ^rr i ■^rr i ■^rr i 
°1 °2 °3 °4 



^rr i S n i S„i S n i 
1 a 2 CT 3 CT 4 



(B.l) 



lSo-j 



where are (physical) n^-pt amplitudes with Y^k= 
Summing over all the partitions gives: 



nl 



n + 4. 



E 

P(1..6) 



A i A i A-i A n i 
a l a 2 a 3 °4 



•S"^-* S~i S„i S„i 



lGoj 



(B.2) 



We also need a symmetry factor due to an over-counting. One can show that each diagram of 
an n-point amplitude in (j) -theory has (n — 2)/2 vertices and each vertex could be the central 
vertex. Hence we see each tree diagram in this construction is counted V = (n — 2)/2 times. 
Therefore the tree amplitude is: 

10 Note that 1/(A|P|A] is not a simple pole on the contour A = A. 

"Note that to avoid over-counting of the partition, we fix the line "1" to be in a{. 
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.4 



tree 



■^rr i J ^rT i A i A i 
"l "2 "3 "4 



n 



2 ^ 

P(1..6) 1 2 3 CT 4 



(B.3) 



lGoj 



Now we proceed to compute the bubble coefficient. As discussed in section [2j the only 
non-vanishing contributions after large BCFW shifts come from the following types of cuts: 




Figure 19: Finite contribution to the bubble coefficient, each of the sub-blob stands for a 
physical amplitude. 



According to fll .3f) . the bubble coefficient takes the following forn 

, — - A i A i A i A i 

C 2 = 3a A x 
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( S~i S~i S~i S—i 
P(1..6) 1 2 3 °4 



(B.4) 



lea] 



Crucially, the factor of 3 comes from the fact that there are three cuts, o'lO'll "! '!' cr i CT 3| cr 2 (T 4 
and "i "4|o"2 cr 3' that have the same partition of the external states and contribute the same 
to C 2 . 

Combining (|B.3p and (|B.4[) . we have 



Co 



3a4 x 



n 



-A 



tree 



n 



-a^A 



tree 



which finally proves eq. (|2.6p , and shows that the bubble coefficient and the tree amplitudes in 
4 are exactly proportional. The proportional constant is 3 x = — /3 x V, which confirms 
our statement that this coefficient should be related to the UV behavior of the coupling. 



C Yukawa theory 

In this section, we consider Yukawa theory (with complex scalars). One can again use a 
Feynman diagram analysis to track the large-z contributions if the diagram has a pure fermion 
loop. Non-trivial z-dependence of external fermion lines becomes cumbersome to handle when 
both fermions and scalars are present in the loop. For such cases, we use helicity amplitudes 
in the cut. 

C.l Yukawa bubbles with Feynman diagrams 

We now consider one-loop scalar amplitudes in Yukawa theory. For scalar loops, the compu- 
tation is identical with previous section. For fermion loops there are two classes of diagrams, 
depending on the arrangement of the helicities of the fermions in the loop. According to 

12 Again we fix the line "1" to be in sub-amplitude a\ to avoid over-counting. 
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Figure 20: Tree diagram with two fermions and all scalars. Here the dashed lines indicate 
scalars while solid lines are fermions. Arrows on the solid lines indicate fermion helicity. If 
the fermions have the same helicity, with fermion momenta outgoing, the contributing tree 
diagram must have an even number of fermion propagators. Under the BCFW deformation 
of l\ and I2, the first diagram is 0(1) as z — > 00, while the second vanishes as 1/z. 



convention, we treat all momenta as outgoing; helicity is assigned accordingly. In the first 
case, the fermions on the tree amplitude on one side of the cut, with all momenta outgoing, 
have the same helicity. In the second case, they have opposite helicity. 

For the first case, since the fermions on either side of the cut have the same helicity the 
tree amplitudes on both sides of the cut must have an even number of fermion propagators, as 
shown in Fig.1201 The first diagram is O(z ), since the fermion vertex gives (h(z)l2) = (lili)f^ 
under the shift in eq. (|2.2p . The second diagram is order 0(z~ 1 ), essentially due to the two 
shifted fermion propagators: 

FlgJ20fO) = (ll(z)\— — wT ~7Z 777*2 

6t — *• ; WWI (h +Ki - qz) 2 (Z 2 + Kj - qz) 2 



Az(q ■ Ki){q ■ K 3 ) + °{z 2 

where Ki, Kj are the sum of external momenta in each scalar line. Diagrams with more than 
two propagators which depend on the shifted loop momenta similarly fall off as 1/z for large 
z. The same z-scaling holds on the opposite side of the cut. Only the product of the first term 
in Fig. [20] on either side of the cut contribute the bubble coefficient, and their phase-space 
integral is simply: 

2~7ri j dLIPS kkWife} = / dLIPS * 1 = R2 ' 

where K is the outgoing external momentum. For K 2 ^ 0, each scalar line has an associated 
propagator, l/K 2 , and the bubble coefficient simply gives jj^iy = -^i- Such a bubble 
coefficient then corresponds to a scalar propagator renormalization in the tree diagram. 

Next we consider fermion loops with opposite helicities on either side of the two-particle 
cut. The Feynman diagrams appearing on one side of the cut are displayed in Fig. [2TJ The 
leading large-z behavior is again in the first diagram: 



(h +Ki- qz) 2 



z + O(z ), (C.2) 



3 The other helicity configuration [hh] would appear on the other side of the cut. 
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(a) (b) 

Figure 21: If the fermions have opposite helicity, with fermion momenta outgoing, the con- 
tributing tree diagrams must have odd number of fermion propagators. Again, arrows on the 
solid lines indicate fermion helicity. 



where we have indicated the helicities of the loop leg in the curly bracket. The remaining 
diagrams are sub-leading in 1 jz and do not contribute. On the other side of the two-particle 
cut, the same tree diagrams contribute, save with the helicity of l\ and li exchanged. The 
leading large- z behavior again sits in the first diagram. However, this time it scales as 1/z, 
since the polarization spinors are not shifted in this helicity configuration. One has for the 
leading, 1/z, term 

(li + Ki - 

The z° piece of the product of the two sides is just 1. Thus the contribution to the bubble 
coefficient of this fermion-loop is, again, the tree diagram obtained by replacing the loop by 
a 4-point contact vertex. Renormalizability then requires the presence of a |^0*| 2 - vertex for 
the Yukawa theory. 




C.2 Yukawa bubbles from on-shell amplitudes 

For more general processes, it is difficult to isolate the Feynman diagrams that do not vanish 
at large z. Instead of studying the large z behavior diagram by diagram, here we compute 
the bubble coefficients for A^f^jj, and A^pj^^ using helicity amplitudes. These can be 
thought of as a sort of warm-up for extracting bubble coefficients in Yang-Mills. 
First we list the relevant tree amplitudes of Yukawa theory in Table [TJ 



external states 


amplitudes 


(/(l)/(2)/(3)/(4)) 




</(l)/(2)<K3)0*(4)) 


9 (24) 


(#1)^(2)^(3)^(4)) 


A 



Table 1: On-shell tree amplitudes in Yukawa theory. 
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C.2.1 Example 1: 4-fermion bubble coefficient 

To calculate the bubble-coefficient of the 4-fermion loop amplitude, A^J^T, note that it has 
three distinct cuts: 



1. The (/i/2|/3/4)-cut: here, only the fermion loop contributes and the product of tree 
amplitudes in the cut are A^^, =■ f , A^ c , r r . . The contribution of this product of 

(/l./2/i 1 /i 2 / \Jl2IlthH) 

tree amplitudes to the overall bubble coefficient is: 
3 S jf 



(2iri)2j —J c z V (hl 2 ) (34) J 9 2m J (34) 5 (34)" 



2. The (/i/3|/2/4)-cut: here, both the fermion and scalar loops contribute. The contribu- 
tion from the fermion loop reads, 

Ti) 2 J J C z\ (3/ 2 >(4/i)/ 2ttz7 (3Z 2 )(4Z 2 ) y 



(2ttz) 2 7 J c z V <3/ 2 > (4fi) 

where we have expanded 

(1/ 



(4Zi 



(4Z 2 ) 



To evaluate the dLIPS integral, we rewrite it as a total derivative in the anti-holomorphic 
spinor A. Being a total derivative, the integration is then localized by the holomorphic 
anomalies generated by (A, i) in the denominator. We refer to appendix [X] for detailed 
discussion. Using eq. (1A.2|) . we can write the c£LIPS integral as 



(2™) 2 J (3l 2 )(4l 2 ) 
1 f r, d 



- 9 4 -L / (XdX)dX 
2m J 



<9A A 



(a\PiM (1A)(2A) 
(A|Pi, 3 |A](Aa) (3A)(4A) 



4(12) 
(34) 



To arrive at the final result, one can conveniently choose a = 1, and since the residue 
for the pole (3A) is zero with a = 1, the only pole in the denominator that localizes the 
integral is (4A). The contribution from the scalar loop can be computed in a similar 
fashion and gives — 2<7 4 |i|y, where the 2 comes from the intermediate state sum. Thus 

the bubble coefficient for this cut is — 5 4 |py- 
3. The (/i/4|/2/3)-cut. This is a relabeling of the (/i/s|/2/4)-cut, and we get -^g A . 
Summing over all channels gives the sum of bubble coefficients for 1-loop {ffff) amplitude: 

ewr> _ (1 _ ! _ ,)|| 9 . = _ 9 ^« ;//) . (c.3) 

Thus we see that the proportionality between the sum of bubble coefficients and the tree 
amplitude is achieved without the need to introduce a new 4-fermion vertex. 
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C.2.2 Example 2: two-fermion two-scalar bubble coefficient 

The second example is A]~l°°^, which also has three distinct cuts: 

{itH) 

1. The (/i/2|<^3$i)-cut: both scalars and fermions run in the loop. Large- z poles for either 
contribution have identical (iLIPS integrands. Direct computation shows they vanish. 

2. The (/i</>3|/2$i)-cut: in this case, the contribution comes from a fermion in one and a 
scalar in the other cut loop-line. The product of the two tree amplitudes are: 

[\h)M , (ih)(h4) \ n 4 _ _(i4) 4 

' 11 7 \lnA\ 19 /r,A\9 ! 



(hh)(24) {hh)mj (24)' 

where we have used the Schouten identity. The dLIPS integrand is independent of the 
loop momenta, hence the bubble coefficient is simply — |^y<? 4 - 

3. The (/i0||/2<^3)-cut. The double-cut has a trivial residue for large z, and thus does not 



contribute to the bubble coefficient. 
Thus the bubble coefficient of (ffdxb*) is: 



^•» = -^ = -^,. (C.4) 

In the above two examples, the sum of bubble coefficients is proportional to the tree 
amplitude, so one-loop renormalizability does not require us to introduce interaction terms 
ip 4 or tp 2 (f) 2 in the effective action. This is, of course, what we expected as these are higher- 
dimensional non-renormalizable interactions. 



D Sum of MHV bubble coefficients for pure Yang-Mills 

As mentioned in subsection 13.31 the observed structure of cancellations for M = 1 , 2 super 
Yang-Mills theory is present in pure Yang-Mills as well. However, it is more involved to 
derive this since the O(z ) part of the BCFW-shifted two-particle cut contains higher-order 
collinear poles. Nevertheless, adjacent channels again share these higher-order CCP, and 
their contribution to the sum of bubble coefficient also cancels. The cancellation of CCP 
renders the summation down to the terminal poles, which evaluate to ll/6A^ ree . Here, we 
explicitly deal with the details of this computation. 

We begin with a generic BCFW-shifted two-particle cut of (j + 1, .., a, + 1, .., b, 
for non-adjacent MHV amplitude ^4^ HV (o~ , b~ ) . Choosing the helicity configuration for the 
internal lines to be (if , 1%) on the LHS of the cut, as shown in Fig. [22| one has: 

(i j) tree f + 1 / {jJ + l){a,h) 1 (JM ( (a,h)(b,k} \ 3 

a ' b n \{iM)(i u i + l)]\{jM{h,j + l)] (a,b) \(a,b)(h,h)J ■ 

(D.l) 

Let us extract the bubble coefficient by shifting the loop legs as — > \h) + zfo)- Note 
that for our choice of shift, it will be convenient to take IZ2) = |A) as the dLIPS integration 
spinor. Under the (iLIPS integration, there are three kinds of poles that would contribute to 
the holomorphic anomaly: (1) the l/(Xa) poles that arise from writing the dLIPS integral 
as a total derivative, (2) the collinear poles of the form 1/ {I21) and (3) the poles that come 
from expanding l/(hi) in \Jz to obtain the O(z ) piece at z — > 00. 
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Figure 22: The (li,l 2 ) helicity configuration for the two-particle cut (j + 1, .., a, + 
l,..,b,.,3) of^ HV (a-,6-). 



We can remove the poles of type (1) by choosing \a) = \a), since the factor of (l2,a) in 
the numerator of eq. (|D.1|) will cancel this pole. Thus the only contributions remaining are 
of type (2) and (3). We rewrite eq. (jD.ip such that each type of pole is separated: 



S 



a,b 



A 



tree 



(Mi) 3 f (i,b) (i + l,b)\ ( (j,a) (j + l,a) \ f-(a,l 2 ) 



(h,h) 2 \(k,i) + (/ 2 ,j + l> J V M> 4 

Next, we expand around z — > oo obtaining, 



(j» (j + 1 {-(a, A) 



(A,j) (A,j + l)J V M) 



< ee {/}{j} 



(a,6) 4 



(D.2) 



where we've used {/} and { J} as a short hand notation for the terms in the curly bracket. 
Later we will see manifest cancellation of CCP for the terms in j/j under the summation 
over the i-indices, and similarly for { j} under the summation over the j-indices. The new 



functional G^b i * s defined as: 



G (l 'P- 



(i,b) (b,h) 



(h,h) 2 



(i,b) ( z (bM?{bM) z {b,h)(b,k) 2 (h,i) | (b,h) 3 {h,i) 2 



0(1) 



(h,i) 



(h,i) 



(X,i) 



(A,i>s 



and similarly, 



+ ^ (6|P u jA] 2 (6,A) o (b|P M -|A](b,A) 2 (i + l|P M -|A] (6, A) 3 (i+!|P M -|A] 2 



(A|^j|A] 5 



(A,i + 1> 



(A,i + 1) 2 



(A,i + 1)3 



(D.4) 



Note the function ^I'ij(A) has higher-order (aka not simple) collinear poles in (A,i), which 
will require extra care in using the holomorphic anomaly as we later discuss. 

The eZLIPS integral of (1D.2P is localized by the four poles appearing in the curly brackets, 
and it will be convenient to separate the contributions from the first and second curly brackets. 
Writing, 



Y — [ dLIPS S^ b j) (X) = Y — / dLIPS 
^ 2iri J ' ' 2ni J 

hJ i,3 



{J} 



{1} 



(D.5) 
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where |{/} indicates the contributions that arises from the presence of poles in {/}. We first 
consider the sum of residues of the simple poles l/(A,j) and 1/(A, j + 1) in the second curly- 
bracket: 



1,3 



{J} 



1 :l 



0'. °> 



(A,j)J V M> 



J 0' + l,a>l f-(a,X) 3 



sr A^la^fw a {iJ) ml f ^ 1 f ~^ x ^ 



(Aj+1> 



(A,i')J V M> 



(\j) 

a, A) 3 



<Aj'> 



(D.6) 



where we've used 



\t\j\ to indicate the collinear pole on which the integrand will be localized. 

From (|D.3p . we see that Q [ ai\{\) = G { ^ 1 \\) when localized at A -> j@ Treating j as and 
j' as dummy variables, the two summation simply cancels with each other and one is left 
with zero! Of course this is the wrong result and the subtlety lies in the summation limits. 
We will discuss the limits in detail in the next subsection. For now, we will show the same 
cancellation occurs for the higher-order poles in the first curly bracket. 

The contributions from the poles in the first curly bracket in (|D.2|) can be written as: 



1,3 



{i} 
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£4 



tree J r (i,j) 



i(A) 



0', q) _ 0" + 

<A,j> (A,j + 1) 



(a,A) s 



(a, 6) 



3,1 



£< CC K£(A) 



(A,j) (A,j + 1) 
0» 0' + l,a) 



<A,i> 
(a, A) 3 



(A,j) (A,j + l)J V (a, 6) 



;a,6) 4 
a, A) 3 



(A,i+1> 



<A,i> 



tree J r (i'-l,j) 



^' J; (A) 



Q» (j + l,a) | / -(a,A) ; 
(A,i) (A,i + l)JV (a,6) 4 



(A,i'> 



.(D.7) 



Here, the integral will be localized by the poles that are present in £/iV](A), which besides sim- 
ple poles, has higher-order poles at the same kinematic point. Repeated use of the Schouten 
identity allows one to extra the contribution of the higher-order poles to the simple pole (27], 
which we review in appendix [A] Denoting the resulting expression as H^'PAX), we have 



h3 



A* 



{1} 



j.i 



(a,by- 



,(i,3) 



(A) 



(A,i) 

(D.J 



The explicit form of W^i( A ) is given in eq. (ID~T4l) . The key fact of wjJjf](A) and J j) (A) is 
that they become identical when the integrand is evaluated on the pole 1/(A, i) and integrated 
on the real contour A = A. Therefore eq. (|D.8|) again gives zero! 



4 This again can be seen from the fact that on the pole, -Pi,j|.?] = Pi,j-i\j] 
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While the limits of the summation requires careful treatment, our analysis shows that 
indeed for non-adjacent MHV, the cancellation of CCP again reduces the sum of bubble 
coefficients to a few terminal terms which we will now identify. 



D.l (iLIPS integrals of higher-order poles 



As we have seen, generic pole terms in non-adjacent MHV bubble coefficients' g(X)s gener- 
ically have higher-order poles. We evaluate the integrands in a manner following that in 
section 2.3 of [27] . Specifically, the dLIPS integrands are rational functions of A of degree 
—2. We can recursively reduce the degree of A in the numerator and denominator by one 
unit each, through repeated application of the following Schouten identity [27] : 

(M) {a,P) 1 (q.7) 1 mq) 

<J3, A) ( 7 , A) < 7 ,/3)</3,A> + (/?,7)(7,A) ' 1 ' ' 

Repeated application reduces integrands with higher-order poles to sums of integrands with 
either simple poles, or to multiple poles, such as l/(o, A) 2 , (x,X)/{a, A) 3 etc., with trivial 
residues as |A) — > \a). The generic form for the residues at second- and third-order poles are: 



1 



n 



(oi, A) 



(£,A) AK A > 



(ai,bi) 



n 



(A,/3> 



<A,/3> 



(ai,bi) 



(aj,bj) 



1 {b *' P) l l<fen ^fi&'P) (^,P)(bj^) 



(D.10) 
(D.ll) 



+ £ 



(a* A) 



(a k ,P)(b k ,/3) (£,P){a k ,P) 



l<k<n 

With this, we can factor out the irrelevant multiple poles in any expression, for example we 
have the following rewriting: 



(6,A) 2 (A,a) 



(X,i) 2 (X,j)(X\P i>:i \X}* 
(A,a) 3 (6,A> 3 



{i,a) 3 (i,b)' 



2(a\Pi,j\i] 



2{b\P l , J \i] 



(i\Pij\i\(i,a) (i\Pij\i\(i,b) f 



(X,j)(X,i)HX\P i;j \XY 



(i\Pi,,\i] 4 (i,j) 



(D 



(a,if{b,i) r ' 



3(a\Pij\i] 



+ 



3{b\Pi,j\i} 2 



+ 



2(a\Pij\i](a, 



(i\PiM 4 {h3)\(i\Pij\i] 2 M 2 (i\PM 2 (b,i) 2 (i\Pij\i]{a,i) 2 (i 
- 1*1 (a,j) 2 , 2(a|P ii j|i](a, j) 



+ 



4(01^1^(61^, 



+ 



(«|- p i,il*] 2 (<M)(M) (a,i) 2 (i,j) 2 {i\Pij\i](a,i) 2 {i,j} 
(a,b)(a,j) , 2<fc| J P iij |i]<a,j) 



+ 



(D 



Combining these results, we can rewrite Q^f\ (A) pqp^jxpp" ^ 



to ft 



a,b,i 



as m 



dnnj): 



(A,a) 3 (j,a) 



(A|ni|A] 2 (A,j) 



(i,a) 3 (j,a) (i)ft) M6|^l»f<6,i) 



<*,J> 



<A|fS^|A]= 



+3(j,a)(b\P ij \i](i\P iJ \i] x (pl2|l 



(D.14) 

The upshot is that (|D.14p has vanishing residue at the poles A = o and A = b . Note that if 
one considers W^bi' ^he on ^ difference is substituting Pjj in ft^jf] with Pi-xj- It can be 
easily seen that on the pole 1/ (A, «), the two are equivalent. 



3G 



D.2 Terminal poles, terminal cuts and their evaluation 



In determining the limits of the summation, one has to avoid configurations where there is 
a three point amplitude one side of the cut, as these produce massless bubbles that are set 
to zero in dimensional regularization. This implies that in the summation of i,j in eq. (ID. 61) 
and eq. (|D.8p . the summation limit of one index will depend on the value of the other. 
For eq. (fD~6l) one sums over the index j first, and the limit is given as: 



i.j 



b-2 a-1 a-1 a-2 

+ £ 

•t=6-l j =b 



£=££+£ 

i=a+l j=b j=b+l 



(D.15) 



where |j=6-i indicates the index i is held fixed to be b — 1. Using j' = j + 1, the summation 
limit for j' is given as: 



b-2 



£ = £ £ + £ 

ij'=j+l i=a+Xj'=b+X j'=b+2 



a-1 



i=b-l 



+ £ 



j'=b+i 



(D.16) 



Looking back at eq. (|D.6h we see that there are mismatches in the limits between to two 
sums, and hence the cancellation is not complete, leaving behind: 



6-2 



£ *i 



b 



i=a+l 



b-2 



j=b 



£ K 



b 



i=a+l 



+ X a,b 



j'=a 



i=6-l 
j=b+l 



X 



a, 6 



l= b-l +X »* 
j'=a 



X 



i=a 
j=b 



a, 6 



where ^ = -ATn^W -Q^(i +1 W}^^\{xjy The first two terms in eq. (JETT]) 
evaluates to zero. To see this note that these two sums are evaluated on the pole 1/(A,6) 
and 1/ (A, a) respectively. Looking at the summand in eq. ()D.6[) there is a factor (A, a) in the 
numerator while Q^f \ has at least one (A, b) in the numerator, as can be seen from eq. (|D.3p , 
For the same reason, the fourth and fifth term vanishes as well. The remaining terms are 
given by: 



itree r^^J)/ 



i=a 
j'=a-l 

(D.17) 



£<6 J) (A) 



i-.i 



{J} 



^irr ; (A)-^6:6 1,fc+1) (A) 



^tree J ^(6-1,6+1) 



(6+1, a) 



<A,6 + 1)J V (0,6) 



-At 



tree I p{a,a-2) , 



(a — 1, a) 



-(a, A)- 
(a,6) 4 



(A,6+l) 



(A,a-1> 

(D.18) 



Therefore, we see the complicated summation (ID. 6}) reduces to only two terms: the residue at 
the pole (A, a — 1) =0 in channel (i = a, j = a — 2), and the residue of the pole (A, b + 1) = 
in channel (i = b — 1, j = b + 1). 

We now look at eq. ()D.8p . where the index i was summed first. The summation limit is 
given by: 



a-2 6-1 



6-1 



6-2 



+£ 

j=a-l i=a 



£=££+£ 

j'=6+l i=a i=a+l 

Recalling that i' = i + 1, the summation limit for i' is given by: 

a-2 b b 6-1 



(D.19) 



j=b 



£= £ £ + £ 

j=6+l i'=a+l i'=a+2 



+ £ 

j=a-l i' =a+ i 



(D.20) 



j=b 
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Again the mismatch of the summation limits for i and i' leads to uncancelled terms in 
eq. (|D.8|) . given by: 



a-2 

j=b+i 



a-2 

/ , I a,b 
*=o j=6+l 



V6 



i'=b 



i=a+l 



Y 



(i'J) 



a.b 



i'=b 
j=a-l 



a.b 



Y 



i=a 
j=b 



i'=b-l 
j=b 

(D.21) 

where = A^{H^(X) -V^\x) - <^(A) + <I J+1) (A)}/(a, 6) 4 | (v> . The 

second and fourth term in eq. (|D.2ip evaluates to zero since it has vanishing residue on 
the pole 1/(A,6), as can be seen from the presence of (A, 6) in the numerator of eq. (ID.3j) 
and eq. (|D.4p . The first and fifth term also vanishes due to the (A, a) 3 in the numerator of 
eq. (|D.7j) . As a result, the sum in eq. (|D.8j) reduces to 



'•j 



{i} 



A tree 

(a, 6)4 



H 



(o+l,o-l) , 



a,b,a+l ( A ) - ^a,6,a+l( A ) 



<A,a+l> 



(A,6-l> 



(D.22) 



Thus the sum localizes to the pole (A, a + 1) =0 in channel (i = a + 1, j = a — 1) and 



(A, 6 — 1) = in channel (i 



l = b-2,j = b). 



Collecting all the pieces we now have: 



C 2 (^ ,l 2 



-1 

2wi 



A=A 



A tree 

dLIPS ^4 

(a,6) 4 



*a,b,b- 



(A, 6+1) 



<A,6+1) 



(A,o-l) 



a,b,a+l \ A > ~ H a,b,a+l^ A > 



(A,a+1) 



(A,6-l). 
(D.23) 



We now evaluate the integral. As discussed in appendix [XJ writing the above integrand as 
a total derivative will always introduce a factor of [A|P|a). With the choice of \a) = \a), 
terms that are evaluated on the pole l/(Aa ± 1) vanishes since [a ± l|P a , a ±il a ) — 0- Thus 
the cancellation of CCP and the judicious choice or reference spinor reduces the sum of the 
bubble coefficient for n-point MHV amplitude to simply: 



C 2 (lf, l 2 



Atr 



1 



(a, 6) 4 2vri 



A=A 



+(<Kw-«S35 h,, w) 



,(6-1,6+1), 



( A ) ) (A 6 + i)^ a '^ 3 



(6+1, a) 



(A,6+l) 



(A,6-l> 



(D.24) 



Expanding the parenthesis, there are four different terms to be evaluated. Explicit evaluation 
shows the first two terms sum to cancel the last term. Thus we have: 



At 



1 



(a, 6) 4 2ni 



dUPS H 



A=A 



.(6-2,6) 



a, 6, 6- 



'{(A) 



A->6-l 



/itree 

6 " 



(D.25) 



Adding this with the same calculation for the other helicity configuration, (Z 1 , l 2 ), one obtains 
the desired result, C 2 = ^-^ tree = -/3 ^ tree 
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